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Abstrat: Karp onjetured that all nontrivial monotone graph properties are
evasive. This was proved for n a prime power, and n = 6, where n is the
number of graph verties, by Kahn, Saks, and Sturtevant. We give a omplete
desription of whih transitive graphs are ontained in a possible ounterexample
when n = 10.
1 Introdution
The notion of evasiveness ame from the study of argumented omplexity, but
with Kahn, Saks and Sturtevants inuential paper [2℄ it was inorporated in
ombinatorial and algebrai topology. A graph property is a partition of the
unlabeled graphs into two lasses, those with and those without the property.
If the property is preserved under the removal of edges it is monotone. Let us
x a monotone graph property and the number of graph verties, then we an
reate a simpliial omplex with the graph edges as verties and the graphs with
the property as simplies.
Example 1 Let the graph property be planarity and use 5 graph verties. All
but the omplete graph are planar, so the faes of the simpliial omplex are all
proper subsets of the graph edge set.
Denition 2 A simpliial omplex ∆ is nonevasive if it is a point, or if there
is a vertex v of ∆ suh that both the link lk∆(v) = {σ ∈ ∆ | v 6∈ ∆, σ∪{v} ∈ ∆}
and the deletion dl∆(v) = {σ ∈ ∆ | v 6∈ ∆} are nonevasive.
A simpliial omplex is evasive if it is not nonevasive and a monotone graph
property on a ertain number of verties is evasive or nonevasive dependent on
∗
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its simpliial omplex. A trivial graph properties inlude all or none graphs.
Now we an state the famous onjeture by Karp.
Conjeture 3 All nontrivial monotone graph properties are evasive.
Kahn et al [2℄ used xed-point theorems by Oliver [8℄ and Smith [10℄ and the
impliations (see [1, 2℄)
nonevasive⇒ collapsible⇒ contractible⇒ Z− acyclic⇒ Zp − acyclic
to prove the onjeture when the number of graph verties is a prime power
or 6. The goal of this paper is a haraterization of whih vertex transitive
graphs are in a possible ounterexample of the onjeture for graph properties
on 10 verties. Our method is the topologial and we will use these results by
Oliver [8℄:
Theorem 4 If Γ′ ⊳ Γ, Γ/Γ′ is yli, Γ′ is of p prime power order, and ∆ is
Zpayli, then χ(∆
Γ) = 1.
Theorem 5 If Γ′′⊳Γ′⊳Γ, Γ′/Γ′′ is yli, Γ′′ is of p prime power order, Γ/Γ′
is of q prime power order, and ∆ is Zpayli, then χ(∆
Γ) ≡ 1 mod q.
Example 6 To illustrate the method, we prove the onjeture when there are
ve verties. Label the verties 1, 2, 3, 4, 5. Assume that the onjeture is false
and reate a simpliial omplex ∆ from that graph property. The graph property
is nontrivial, so ∆ is neither empty nor a full simplex. Sine ∆ is nonevasive
it is Z-ayli and we an use Theorem 4. The ation of the yli group Γ =
〈(1 2 3 4 5)〉 on the graph verties, indues an ation on the graph edges, whih
is the same as the verties of ∆. The abstrat simpliial omplex ∆Γ has the
minimal nonempty Γ-invariant faes of ∆ as vertex set, and a set of verties
of ∆Γ is a fae of ∆Γ if their union is a fae of ∆. The minimal nonempty
Γ-invariant graphs are:
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If the ve yle is in ∆ then ∆Γ is two disjoint points, and χ(∆Γ) = 2. If
not, then χ(∆Γ) = 0. Using Theorem 4 with Γ′ as the trivial group we get
that χ(∆Γ) = 1, whih is a ontradition. Hene the onjeture is true for ve
verties.
The plan of the rest of the paper is: First we desribe all transitive graphs
on ten verties and their inlusion order. Then we use Theorem 4 and 5 to
get onditions on whih graphs an be in a ounterexample of the onjeture.
The inlusion order and onditions are investigated and they give six dierent
ases for whih transitive graphs are in a ounterexample. As an appendix we
desribe some omputational methods.
The reader who wants a more elaborate desription of the method herein
ould look at the original work by Kahn et al [2℄ and for example Lutz [5, 6℄.
Nonevasiveness has poped up outside the domain of graph properties, see Kozlov
[3℄, Kurzweil [4℄, and Welker [11℄.
2 The transitive graphs
2.1 Cayley graphs
There are 22 transitive graphs on 10 verties, and 20 of them are Cayley graphs
[7, 9℄.
2.1.1 Denitions
Denition 7 Let D be a subset of {1, 2, 3, 4, 5}. The vertex set of GD is
{1, 2, . . .10}, and two verties i > j are adjaent if (i−j) ∈ D or (10+j−i) ∈ D.
Notie that G{1,2,3,4,5} is the omplete graph K10, and that the omplement of
GD is G{1,2,3,4,5}\D. Some of the graphs are isomorphi.
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G{1} ≃ G{3} and G{2,3,4,5} ≃ G{1,2,4,5}.
3
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G{2} ≃ G{4} and G{1,2,3,5} ≃ G{1,3,4,5}.
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G{1,5} ≃ G{3,5} and G{1,2,4} ≃ G{2,3,4}.
4
63
10
5
9
1
8
4
2
7 8
52
9
3
10
6
7
4
1
G{1,2} ≃ G{3,4} and G{1,2,5} ≃ G{3,4,5}.
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G{1,4} ≃ G{2,3} and G{1,4,5} ≃ G{2,3,5}.
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G{2,5} ≃ G{4,5} and G{1,2,3} ≃ G{1,4,5}.
2.1.2 Inlusion poset
The graph properties we study are monotone, so it is important to know whih
graphs are subgraphs of others. If D ⊂ D′ ⊆ {1, 2, 3, 4, 5}, then obviously
GD < GD′ , but otherwise?
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G{1} ≃ G{3} > G{5} and G{1,2,3,4} > G{2,3,4,5} ≃ G{1,2,4,5}.
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G{2,5} ≃ G{4,5} > G{1} ≃ G{3} and
G{2,3,4,5} ≃ G{1,2,4,5} > G{1,2,3} ≃ G{1,3,4}.
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G{1,2} ≃ G{3,4} > G{2,5} ≃ G{4,5} and
G{1,2,3} ≃ G{1,3,4} > G{1,2,5} ≃ G{3,4,5}.
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G{1,4} ≃ G{2,3} > G{2,5} ≃ G{4,5} and
G{1,2,3} ≃ G{1,3,4} > G{1,4,5} ≃ G{2,3,5}.
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G{1,2,4} ≃ G{2,3,4} > G{1,5} ≃ G{3,5}
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G{1,3} > G{1,5} ≃ G{3,5} and G{1,2,4} ≃ G{2,3,4} > G{2,4,5}.
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G{1,2,5} ≃ G{3,4,5} > G{1,4} ≃ G{2,3} and
G{1,4,5} ≃ G{2,3,5} > G{1,2} ≃ G{3,4}.
The inlusion relation give a poset whih is drawn in the next gure. Grey
lines are trivial inlusions, and blak lines are inlusions listed above.
9
G{1,2,4}=G{2,3,4}
G{1,5}=G{3,5}
G{1,2,5}=G{3,4,5}
G{1,2}=G{3,4}
G{2,5}=G{4,5}
G{1,4}=G{2,3}
G{1} {3}=G
G{}
G{5}
G{1,4,5}=G{2,3,5}
G{1,2,3}=G{1,3,4}
G{2,3,4,5}=G{1,2,4,5}
G{1,2,3,4}
G{1,2,3,4,5}
G{2,4}
G{2,4,5}
G{1,3}
G{1,3,5}
G{2}=G{4}
G{1,3,4,5}=G{1,2,3,5}
2.2 The Petersen graph
The non Cayley transitive graphs are the Petersen graph and its omplement.
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The Petersen graph P . The omplement of the Petersen graph, P¯ .
From the gure above it is lear that P < P¯ . The other relations are:
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G{5} < P G{2} ≃ G{4} < P
P¯ < G{1,2,3,4} P¯ < G{1,2,3,5} ≃ G{1,3,4,5}
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P < G{1,2,3} ≃ G{1,3,4} P < G{2,4,5}
G{2,5} ≃ G{4,5} < P¯ G{1,3} < P¯
Inserting P and P¯ in the inlusion poset of the Cayley graphs would be a
mess. But seleting the elements with a over relation to P and P¯ gives the
poset:
G{1,3}
G{2,4,5}
G{2}=G{4}
G{2,5}=G{4,5}
G{1,2,3}=G{1,3,4}
G{1,3,4,5}=G{1,2,3,5}
G{5}
G{1,2,3,4}
P
P
3 Using the topologial method
If G is a graph on 10 verties, and ∆ a simpliial omplex, then dene the
indiator iG as: iG = 1 if G ∈ ∆ and iG = 0 if G 6∈ ∆. To simplify notation
for the Cayley graphs, we write i124 instead of iG{1,2,4} for example. Note that
by monotoniity iG ≤ iG′ if G ⊇ G
′
. The two posets in the last setion arries
over to the indiators, and that is how we will use them.
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Let C be the set of nonevasive nontrivial graph omplexes on 10 verties.
Note that i12345 = 0 for all nontrivial omplexes.
Lemma 8 For any simpliial omplex in C, i5 = 1 and i1234 = 0.
Proof: Let
• Γ = 〈(1 3 5 7 9)(2 4 6 8 10), (1 7 9 3)(2 4 8 6), (2 7)(5 10)〉.
• Dene a homomorphism φ from Γ onto Z4 by φ((1 3 5 7 9)(2 4 6 8 10)) = 0,
φ((1 7 9 3)(2 4 8 6)) = 1 and φ((2 7)(5 10)) = 0.
• Γ′ = Ker(φ) = 〈(1 3 5 7 9)(2 4 6 8 10), (2 7)(5 10)〉.
• Dene a homomorphism φ′ from Γ′ onto Z5 by φ
′((13579)(246810)) = 3,
and φ′((2 7)(5 10) = 0.
• Γ′′ = Ker(φ′) = 〈(2 7)(5 10), (4 9)(5 10), (3 8)(5 10), (1 6)(2 7)(3 8)(5 10)〉.
Then
• Γ′′ ⊳ Γ′ ⊳ Γ,
• |Γ′′| = 24,
• Γ′/Γ′′ = Z5 is yli,
• |Γ′/Γ′′| = |Z4| = 2
2 ⇒ q = 2.
By theorem 5, χ(∆Γ) ≡ 1 mod q. The verties of ∆Γ are {G{1,2,3,4}, G{5}},
and G{5} < G{1,2,3,4}, so i5 = 1 and i1234 = 0 is the only way to ahive
χ(∆Γ) = i5 + i1234 ≡ 1 mod 2. 
Lemma 9 For any simpliial omplex in C,
2i1 + 2i2 − 2i12 − i13 − 2i14 − 2i15 − i24 − 2i25 + 2i123
+2i124 + 2i125 + i135 + 2i145 + i245 − 2i1235 − 2i1245 = 0
Proof: Let Γ = 〈(1 2 3 4 5 6 7 8 9 10)〉 and Γ′ = Id. By theorem 4, χ(∆Γ) = 1.
The vertex set of ∆Γ is {G{1}, G{2}, G{3}, G{4}, G{5}}, so
χ(∆Γ) = i1 + i2 + i3 + i4 + i5
−i12 − i13 − i14 − i15 − i23 − i24 − i25 − i34 − i35 − i45
+i123 + i124 + i125 + i134 + i135 + i145 + i234 + i235 + i245 + i345
−i1234 − i1235 − i1245 − i1345 − i2345
= 2i1 + 2i2 + 1
−2i12 − i13 − 2i14 − 2i15 − i24 − 2i25
+2i123 + 2i124 + 2i125 + i135 + 2i145 + i245
−0− 2i1235 − 2i1245
= 1

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Lemma 10 For any simpliial omplex in C,
2i2 + i13 − i24 − 2i25 − 2i123 − i135 + i245 + 2i1235 = 0
Proof: Let
• Γ = 〈(1 3 5 7 9)(2 4 6 8 10), (1 2 9 8)(3 6 7 4)(5 10)〉.
• Dene a homomorphism φ from Γ onto Z4 by φ((1 3 5 7 9)(2 4 6 8 10)) = 0,
and φ((1 2 9 8)(3 6 7 4)(5 10)) = 1.
• Γ′ = Ker(φ) = 〈(1 3 5 7 9)(2 4 6 8 10)〉.
Then
• Γ′ ⊳ Γ,
• Γ/Γ′ = Z4 is yli.
• |Γ′| = 5 is a prime power.
The vertex set of ∆Γ is {G{1,3}, G{2}, G{4}, G{5}}, so by theorem 4,
χ(∆Γ) = i13 + i2 + i4 + i5 − i123 − i134 − i135 − i24 − i25 − i45 + i1234 + i1235 + i1345 + i245
= i13 + 2i2 + 1− 2i123 − i135 − i24 − 2i25 + 0 + 2i1235 + i245
= 2i2 + i13 − i24 − 2i25 − 2i123 − i135 + i245 + 2i1235 + 1
= 1

Lemma 11 For any simpliial omplex in C,
2i2 − i24 + i135 − 2i1235 = 1
Proof: Let
• Γ = 〈(2 4 6 8 10), (1 6)(2 7)(3 8)(4 9)(5 10)〉.
• Let φ be a homomorphism from Γ onto Z10 by φ((2 4 6 8 10)) = 4 and
φ((1 6)(2 7)(3 8)(4 9)(5 10)) = 5.
• Γ′ = Ker(φ) = 〈(1 3 5 7 9)(2 10 8 6 4)〉.
Then
• Γ′ ⊳ Γ,
• Γ/Γ′ = Z10 is yli.
• |Γ′| = 5 is a prime power.
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The vertex set of ∆Γ is {G{1,3,5}, G{2}, G{4}}, so by theorem 4,
χ(∆Γ) = i135 + i2 + i4 − i24 − i1235 − i1345
= 2i2 − i24 + i135 − 2i1235
= 1

Lemma 12 For any simpliial omplex in C,
i14 = i145
Proof: Let
• Γ = 〈(1 3 5 7 9)(2 4 6 8 10), (2 7)(5 10)〉.
• Let φ be the homomorphism from Γ onto Z5 dened by φ((13579)(246810)) =
1, and φ((2 7)(5 10)) = 0.
• Γ′ = Ker(φ) = 〈(1 6)(2 7), (1 6)(5 10)(3 8)(4 9), (4 9)(5 10)〉.
Then
• Γ′ ⊳ Γ,
• Γ/Γ′ = Z5 is yli.
• |Γ′| = 24 is a prime power.
The vertex set of ∆Γ is {G{1,4}, G{2,3}, G{5}}, so by theorem 4,
χ(∆Γ) = i14 + i23 + i5 − i145 − i235 − i1234
= 2i14 + 1− 2i145 − 0
= 1

This lemma an be diretly dedued from lemma 11, but it is not lear whih
one ould be generalized most.
Lemma 13 For any simpliial omplex in C,
i24 + i135 = 1
Proof: Let
• Γ = 〈(1 7 9 3)(2 4 8 6), (2 4 6 8 10), (1 4 3 2 9 6 7 8)(5 10)〉.
• Let φ be the homomorphism from Γ onto Z8 by φ((1 7 9 3)(2 4 8 6)) = 2,
φ((2 4 6 8 10)) = 0, and φ((1 4 3 2 9 6 7 8)(5 10)) = 3.
• Γ′ = Ker(φ) = 〈(2 4 6 8 10), (1 5 9 3 7)(2 10 8 6 4)〉.
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Then
• Γ′ ⊳ Γ,
• Γ/Γ′ = Z8 is yli.
• |Γ′| = 52 is a prime power.
The vertex set of ∆Γ is {G{1,3,5}, G{2,4}}, so by theorem 4,
χ(∆Γ) = i135 + i24 = 1.

4 Gathering the fats
The indiators i3, i4, i23, i34, i35, i45, i134, i234, i235, i345, i1245, i1234, and i1235 are
equal to another indiator by graph isomorphism. By lemma 8, i∅ = i5 = 1 and
i1234 = i12345 = 0. We have the equalities
Lemma Equality
9 2i1 + 2i2 − 2i12 − i13 − 2i14 − 2i15 − i24 − 2i25 + 2i123+
2i124 + 2i125 + i135 + 2i145 + i245 − 2i1235 − 2i1245 = 0
10 2i2 + i13 − i24 − 2i25 − 2i123 − i135 + i245 + 2i1235 = 0
11 2i2 − i24 + i135 − 2i1235 = 1
12 i14 = i145
13 i24 + i135 = 1
Theorem 14 For any simpliial omplex in C, the indiators of the transitive
graphs are as one of the following six olumns.
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Indiator\Name A A∗ B B∗ C C∗
i1 1 1 1 1 1 1
i2 0 1 1 1 1 1
i5 1 1 1 1 1 1
i12 0 1 1 1 0 1
i13 1 1 0 0 0 0
i14 0 1 0 1 0 1
i15 1 1 0 1 1 1
i24 0 0 1 1 1 1
i25 0 1 1 1 1 1
i123 0 1 0 0 0 0
i124 0 0 0 1 0 0
i125 0 1 0 0 0 1
i135 1 1 0 0 0 0
i145 0 1 0 1 0 1
i245 0 0 1 1 1 1
i1234 0 0 0 0 0 0
i1235 0 1 0 0 0 0
i1245 0 0 0 0 0 0
iP 0 1 1 1 1 1
iP¯ 0 1 0 0 0 0
Proof: The proof is in three ases.
Case 1: i2 = 0.
The indiators of all graph inluding G{2} are zero. The only undetermined
are i1, i15, i13, and i135. By lemma 13, i24 + i135 = 1 ⇒ i135 = 1. Sine
i1 ≥ i15 ≥ i13 ≥ i135, they are all equal to 1. Sine i2 = 0, iP = iP¯ = 0. This is
olumn A.
Case 2: i1235 = 1.
This is the dual assumption of i2 = 0, whih gives olumn A
∗
.
Case 3: i2 = 1 and i1235 = 0.
Lemma 11 beomes −i24 + i135 = −1, hene i24 = 1 and i135 = 0. Lemma
10 beomes i13 − 2i25 − 2i123 + i245 = −1. Both i25 and i123 annot be 1, and
i123 ≤ i25, so i123 = 0. And now i25 = 1 sine i13 − 2i25 + i245 = −1. Thus
i13 + i245 = 1. Note that i1 = 1 and i1245 = 0 sine i25 = 1 and i123 = 0.
Case 3.1: i13 = 1 and i245 = 0.
From subgraph inlusion we get i15 = 1 and i124 = 0. Remove i14 and i145
from lemma 9 by using lemma 12, and insert values to get −2i12 + 2i124 = 2.
But this an never be true sine i12 ≥ i124.
Case 3.2: i13 = 0 and i245 = 1.
One again removing i14 and i145 from lemma 9 by using lemma 12, and
insert values, gives i12+ i15− i124− i125 = 1. Sine both i12 and i15 are greater
or equal with both i124 and i125, we have four dierent options, whih are the
olumns B,B∗,C,C∗. The value of i14 = i145 is uniquely determined in eah
olumn sine i12, i15 ≥ i145 = i14 ≥ i124, i125. Finally about the Petersen graph:
iP ≥ i245 = 1 and iP¯ ≤ i13 = 0. 
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5 Computational aspets
The proofs in this paper are omputer independent but to nd the right lemmas
for setion 3 several algorithms were implemented in MAPLE. First a library of
subgroups of S10 satisfying the onditions of Theorem 4 and 5 was onstruted.
This library, of what is alled non Oliver groups, was not omplete. Eah group
gives a linear equation of indiators, and only those with indiators of transitive
graphs were used. This system of equations was heavily linearly dependent, so
almost all equations with their groups were thrown away. Those left beame
the lemmas of setion 3.
One interesting ontinuation of this work is the removal of onditions on the
indiators. That would give a huge equation system, but maybe suient on-
ditions on the graph properties to do the remaining searh for a ounterexample
by brute fore.
Referenes
[1℄ A. Björner, Topologial methods, in: R. Graham, M. Grötshel, L. Lovász
(Eds.), Handbook of Combinatoris, North-Holland, Amsterdam, 1995, pp.
18191872.
[2℄ J. Kahn, M. Saks, D. Sturtevant A topologial approah to evasiveness
Combinatoria 4 (1984), no. 4, 297306.
[3℄ D.N. Kozlov Collapsing along monotone poset maps, preprint,
math.CO/0503416.
[4℄ H. Kurzweil A ombinatorial tehnique for simpliial omplexes and some
appliations to nite groups, Disrete Math. 82 (1990) 263-278.
[5℄ F.H. Lutz Examples of Z-ayli and ontratible vertex-homogeneous sim-
pliial omplexes Disrete Comput. Geom. 27 (2002), no. 1, 137154.
[6℄ F.H. Lutz Some results on the evasiveness onjeture J. Combin. Theory
Ser. B 81 (2001), no. 1, 110124.
[7℄ B.D. MKay Transitive graphs with fewer than twenty verties. Math.
Comp. 33 (1979), no. 147, 11011121.
[8℄ R. Oliver Fixed-Point Sets of Group Ations Comment. Math. Helvetii 50
(1974), 155177.
[9℄ G. Royle Transitive graphs.
http://www.sse.uwa.edu.au/~gordon/remote/trans/index.html
[10℄ P.A. Smith Fixed point theorems for periodi transformations, Amer. J. of
Math. 63 (1941), 18.
[11℄ V. Welker Construtions preserving evasiveness and ollapsibility, Disrete
Math. 207 (1999), no. 13, 243255.
18
